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Abstract:  Equilibrium concentration profiles of non-dilute colloidal suspen-
sions are calculated by means of the Carnahan-Starling expression for the
osmotic compressibility of hard sphere liquids. The profiles depend on the
average volume fraction of the suspension, {¢), and on the field interaction
parameter, A, (reciprocal of the Péclet number at infinite dilution). Profiles are
computed for values of {¢> and J, typical of those encountered in sedimenta-~
tion field-flow fractionation experiments. It is found that, in most cases, the
volume fraction at the depletion wall is negligibly small and that the volume
fraction at the accumulation wall, ¢,, depends on the ratio {¢)/i, only. An
inflexion point is found in the concentration profile if ¢, is larger than 0.13,
whatever the value of A,.
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Introduction

The sedimentation of particulate materials is
a ubiquitous and important phenomenon of en-
vironmental, biological, and industrial relevance.
In a batch sedimentation process of an initially
uniform suspension, one usually encounters three
zones, both in transient and equilibrium condi-
tions [1]. At the bottom of the vessel, a sedimenta-
tion cake is formed with a volume fraction which
somewhat depends on the compressibility of the
packing and is about 0.6. Above that sediment
layer, one finds a transition layer, the height of
which varies during the settling process and de-
pends on the diffusivity of the particles. Then,
a clear liquid is found above that layer. The rela-
tive importance of the three zones depends on the
average volume fraction of the suspension, but
also on the height of the sedimentation vessel.
Many studies have focussed on the dynamics of
the sedimentation process in situations where the
height of the sedimentation vessel is large enough

G 404

for a sediment to be formed. The theory of the
transient batch settling for noncolloidal particles
was first formulated by Kynch [2]. This theory
has been recently extended by Davis and Russell
[3] to account for the influence of the Brownian
motion of the particles on the transition layer
above the sediment.

There are situations, however, where the vessel
height is so small that a compact sediment is never
obtained in spite of the relatively large average
volume fraction of the suspension. Such is the
case, for instance, in field-flow fractionation (FFF)
experiments. FFF is an analytical method for
separation and characterization of supramolecu-
lar materials. The separation occurs during the
transportation, by means of a carrier liquid, of the
particulate sample through a thin, ribbon-like
channel under the influence of an external field
applied perpendicularly to the main plates of the
channel [4]. In usual operating conditions, the
carrier flow velocity is small and the mean
residence time of the particles depends on the
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equilibrium concentration distribution in the field
direction. It is therefore of major interest to know
this distribution for separation optimization as
well as for particle characterization.

When the suspension is highly dilute and the
field is constant throughout the channel thickness,
the concentration decreases exponentially from
the accumulation plate [5]. For less dilute suspen-
sions, the volume fraction near the accumulation
plate can be large enough for deviations from the
exponential profile to occur.

The objective of the present study is to deter-
mine the equilibrium concentration profile for
a suspension submitted to a constant field
when the volume fraction near the accumula-
tion wall is large enough for interactions bet-
ween particles to be significant. This is the case
of most FFF experiments with not too dilute
samples.

Theory

One considers a suspension of identical
Brownian particles in a quiescent fluid enclosed in
a vessel between two parallel plates (the plates are
assumed to be large enough for side wall effects to
be negligible). A gravitational field is applied in
the direction perpendicular to the plates. The ac-
celeration of this gravitational field, G, is assumed
to be constant throughout the vessel. This as-
sumption is obviously correct for experiments
performed with the Earth’s gravitational field. It is
mostly correct for centrifugal FFF experiments
since the distance between the two rotating plates
is much smaller than their mean distance to the
rotation axis (in typical instruments, the variation
of G through the channel thickness is less than
0.2%). For the same reason, the centrifugal sedi-
mentation can be assumed to be a one-dimen-
sional problem as in the Earth gravitational
experiment.

General expression of the volume fraction profile

The effective force, F.,, exerted by the gravi-
tational field on a particle of volume v» is the body
force.corrected by the Archimedes force:

Fey= UpppG —Up Vp s [1]

where p, is the mass per unit volume of particles
and V, the hydrostatic pressure gradient in the
suspension, given by:

Vo =1[¢p, + (1 —¢) pilG, [2]

pr is the mass per unit volume of the suspending
fluid, and ¢ is the volume fraction of the particles.
Here, bold-face symbols represent vectorial
quantities. Combining Egs. (1) and (2) and defin-
ing 4, = p, — py, one finds:

Fext=(1_¢) UpApG' [3]

Each particle is also submitted to a thermo-
dynamic force, Fy, linked to the gradient of the
chemical potential per particle, u,(p, T, ¢} . This
chemical potential is the sum of two contribu-
tions: the bare particle contribution, ug(p, T) , at
the same pressure and temperature as the suspen-
sion, and the excess (or mixing) chemical potential
Ap,(p, T, ¢) . For rigid particles with hard-core
interactions, Ay, depends only on the particle
volume fraction. When ¢ is not uniform over the
suspension, the force acting on a particle is:

_ oA p,
0¢

The chemical potential of a fluid molecule, ¢, can
also be written as the sum p; = pf + Ap;. As
a consequence of the Gibbs—Duhem relationship
between du,, du;, dp and dT, the variations with
¢ of Au¢ and Ap, are related by [6a] :

a4 Hyp o4 Us .

0 ¢
where ¢, and ¢; are the numbers of particles and of
fluid molecules per unit volume of suspension, re-
spectively. It is usual to express Fy, as a function of

the osmotic pressure, I, a quantity simply related
to the fluid excess chemical potential as [6b] :

5Al‘f___ —vg—lz
dp o’

Fth=

' [4]

¢ + ¢t 0, 3]

(6]

where v; is the volume of a fluid molecule. Noting

that csve = 1 — ¢ and c,v, = ¢, one can combine
Eqgs. (4) to (6) to obtain:

_1-g om
¢ "o

Fy = V¢ . [7]
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In equilibrium condition, the effective external
force and the thermodynamic force exactly bal-
ance each other:

Fext+Fth=0: [8]

which gives the basic expression for the volume
fraction profile at equilibrium :

Vo . G
s = Yameg

Introducing the osmotic compressibility factor, Z,
defined as:

[9]

II
Z=——
kT [10]
where k is the Boltzmann constant and 7 the
absolute temperature, and noting that
¢Z = IIv,/kT, Eq. (9) can be written as :
Z

a6 & kT

The absolute value of the right-hand side of Eq. 11
can be written as 1/(1,w) , where w is the cell
height (distance between the two plates) and 4,
a dimensionless field interaction parameter (the
basic FFF parameter) which is nothing else than
the reciprocal of a Péclet number, Pe:

kT kT Dy, 1
Ao = = = =—. [12
® o |ApGlw  |Folw |Uolw Pe L12]

Here, D, is the diffusion coefficient of the par-
ticles, U, their sedimentation velocity, and F, the
effective force exerted by the field on a single
particle, while the subscript “0” refers to the infi-
nite dilution limit. If the x-axis is oriented from
the accumulation plate towards the depletion
plate, 4p G is negative and Eq. (11) can be rewrit-

ten as:
x/w
- d(To)

($2Z)d¢ _
oy ¢
This is the basic differential equation governing
the volume fraction profile.
The solution of that equation is :

0 [13]

x/w

F(¢) = F(do) — Rk [14]

where ¢dF/dp = d(¢p Z) /0¢, while ¢, is the par-
ticle volume fraction at the accumulation plate

(x = 0). As a consequence, the value ¢, of the
particle volume fraction at the depletion plate
(x = w) is a function of 1, and ¢, defined by:
1
F¢1) = F(¢o) — 7 - [15]
0
There is a second relationship between ¢, and ¢,
expressing the mass conservation of the particles

in the sedimentation cell. Let us introduce the
average volume fraction:

(¢ = £¢d(X/W) :

Taking Eq. (13) into account, one obtains:

[16]

B0Z(90) — $:Z(1) = 2 (1T($o) — II(1)

_<$
=20 [17]

Solving Egs. (15) and (17) gives the values of
¢o and ¢, as a function of 1y and {(¢). Hence, the
equilibrium profile given by Eq. (14) is ultimately
a function of x/wl,, 4o and {(¢).

A well-known peculiar solution corresponds to
a very dilute suspension for which Za1 for any
volume fraction in the range ¢ < ¢ < ¢,. In this
case, one has:

¢ = %exp(—’j—f) : [18]
and:
do ¢ [19]

~ Jo(1—exp(— 1/4))

For large Péclet numbers (4o« 1), the concentra-
tion decreases rapidly with increasing distances
from the accumulation plate, and one finds for
¢, a value much smaller than ¢, which, in this

case, is equal to {¢>/A,. There is a reminiscence of

this peculiar behavior for a non-dilute suspension:
if Ao« 1, it is clear from Eq. (17) that ¢oZ(¢o)
should be much larger than ¢,Z(¢,) , and, in
most cases, this implies ¢, < ¢ (cf. Fig. 1 below).
Then, the volume fraction at the accumulation
plate is a function of (¢ /4, only, and the concen-
tration profile depends on {¢ >/, and no longer
on {¢> and A, separately. Note also that, in the
limit of a vanishingly small value of A, the only
possible profile is one with ¢; = 0 and ¢ = Pmax
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where ¢, is the volume fraction for which Z be-
comes infinite, i.e., the volume fraction of the
incompressible sedimentation cake. We are here
mostly interested in cases where ¢, is likely to be
smaller than ¢,,,, hence when {(¢>/4, is itself
smaller than ¢,,,,. According to Eq. 12, this hap-
pens when the product {¢)|F,|w is small, i.e., for
small cell heights and/or small field strengths
and/or not too concentrated suspensions.

Osmotic compressibility of a hard sphere
suspension

Most of what is known about Z(¢) comes from
early studies of hard sphere liquids. There exist
theoretical predictions concerning the two limit
cases ¢« 1 (hard-sphere gas, virial expansion [7])
and ¢ & @n.x (dense hard-sphere liquid, free-vol-
ume expansion [8] ), as well as numerical results
covering the whole range 0 < ¢ < ¢, Some
phenomenological expressions of Z(¢) have been
proposed to reproduce these results as closely of
possible. The most favored is the semi-empirical
one devised by Carnahan and Starling [9] :

202 — ¢)
Zp)=1+ —73".
@=1+

This expression gives amazingly good predictions
for volume fractions up to 40% [10] and de-
scribes satisfactorily the physical properties of
monodisperse sols of spherical particles [11]. It
agrees with both the first seven virial coefficients,
computed from statistical mechanics arguments,
and the molecular dxnamics results [1, 12]. One
of its obvious drawbacks is its divergence for
¢ =1 while this behavior is expected for
¢ = Pmax~0.6. Hence, we will accept the predic-
tions of Eq. (20) provided the predicted value of
¢, is smaller than 0.4 approximately. The above
expression for Z leads to a concentration profile
given implicitly by Eq. (14) with:

3-¢
1—¢)p*
The term beside In¢ in this equation is always
positive. Accordingly, as a consequence of the
excluded volume (hard-core) interactions between
particles, the concentration profile decreases less

rapidly than the exponential profile. The
variations of F(¢) and of ¢Z(¢) for the

[20]

F(¢) =1n¢ + [21]

Fig. 1. Variations of ¢ Z(¢) (solid curve a) and of F(¢) (solid
curve b) versus the volume fraction of the suspension, ¢, for
the Carnahan-Starling expression of the compressibility fac-
tor. The dashed curves correspond to Z =1

Carnahan-Starling compressibility expression are
shown in Fig. 1 together with the corresponding
curves for Z = 1, which would lead to the ex-
ponential concentration profile.

Results and discussion

The above approach for obtaining the volume
fraction profile of a steady-state suspension-in
a gravitational field is similar to the approaches
followed by Vrij [13] and by Davis and Russel
[3]. Because they were mostly interested in the
description of the behavior of the suspension in
and near the sediment cake, Davis and Russel
used an asymptotic form of the osmotic compress-
ibility factor at large volume fractions. It cannot
accurately describe the concentration profile
in the entire volume fraction range. Vrij, treating
the steady-state sedimentation profile in a centri-
fugal field with a varying G, used the Carnahan—
Starling equation and obtained an expression
similar to Eqgs. (21) and (14). In the above treat-
ment, the integration constant problem raised by
Vrij was solved by numerical determination of
¢o and ¢; in terms of {¢) and 4,, by solving
Egs. (15) and (17). This allows to plot volume
fraction profiles for different sets of experimental
conditions.

The determination of the concentration profile
requires first the determination of ¢4 and ¢, in
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Fig. 2. Variations of ¢Z(¢)/{¢)> (upper curve) and F(¢)
(lower curve) versus ¢, for {(¢)> = 0.05. Graphical procedure
for the determination of the volume fractions at the accumu-
lation and depletion plates, ¢, and ¢, respectively, when
1/4¢ is equal to 2. ¢o and ¢, are determined in such a way
that the differences in the ordinates corresponding to these
two values are equal to 1/4, for the two curves

terms of (¢> and A,. For this purpose, Vrij sug-
gested a graphical method based on surface area
determination [13]. Taking into account the
properties of Eqs. (15) and (17), an alternative
graphical method consists in finding two values of
the particle volume fraction such that the same
difference 1/, is obtained for F(¢,) — F(¢$1) and
[P0Z(do) — ¢1Z(¢1)1/{¢>. This procedure,
based on length determination, is more conveni-
ent to use than that proposed by Vrij. This pro-
cedure is demonstrated in Fig. 2, which shows the
variations of F(¢) and of ¢Z(¢)/{¢)> with ¢, for
{¢> =0.05 and 1, = 0.5, which gives ¢, = 0.090
and ¢, = 0.024. This 4, value is quite larger than
typical values encountered in FFF experiments.
When 4, is smaller than 0.2, ¢, becomes negli-
gible and, as discussed above, ¢, is such that
doZ(¢) is equal to 1/4, and can be directly deter-
mined from the ¢ Z () vs. ¢ curve. In the follow-
ing, in order to plot the volume fraction profiles
for different sets of experimental conditions,
¢o and ¢; are computed by numerically solving
both Egs. (15) and (17).

Generally, in sedimentation experiments, as
well as for all cases of interest in FFF, when the
field strength is large enough for retention to be
significant, ¢, is much larger than ¢,, so that Eq.
(17) can be simplified by neglecting-all terms in ¢,.
The resulting error is smaller than 0.04%

<0>/Ag
b 0.1 0.2 0.3 0.4
<oy 0?
0.8
0.7
0.6
0.5

Fig. 3. Ratio of the volume fraction at the accumulation wall,
o to {¢>/Ao versus {¢)/A, when the volume fraction at the
depletion wall is negligibly small

in the most extreme case treated below
(¢> = 10%, Ao =0.1). It thus appears that the
maximum volume fraction in the channel, ¢,,
depends only on the ratio {(¢)/4,, but not on the
specific values of (¢ and 4,. As discussed above,
the limiting value of ¢, at high dilution is, in these
conditions, equal to {¢)/io. The deviation of
¢o/({p>/Ao) from 1 with increasing values of
{P>/Ao is plotted in Fig. 3, when ¢, can be ne-
glected (i.e., when A, is low). As expected, ¢, is
seen to increase more slowly than {¢) when 4, is
kept constant.

The volume fraction profiles are plotted in
Fig. 4 as the relative distance from the accumula-
tion wall versus the volume fraction for average
volume fractions increasing from 1% (lower
curves) to 10% (upper curves). Since, even for the
largest {¢), the volume fraction at the depletion
wall is nearly zero, the areas below the curves
represent the average volume fractions. Accord-
ingly, curves appear to lie above each other when
{¢> increases. Interestingly, the figure shows the
progressive deviation of the distribution from the
exponential profile as the average volume fraction
increases. This deviation appears to be more pro-
nounced when A, is smaller (Fig. 4B for 4, = 0.01
compared to Fig. 4A for i, = 0.1). This is ex-
pected since lower 4, values lead to higher con-
centrations at the accumulation wall and thus to
stronger excluded volume interactions. However,
the accuracy of the profiles must be regarded with
some caution when ¢ exceeds about 40% as the
Carnahan-Starling expression of the osmotic
compressibility factor may not be correct at
larger volume fractions. As one approaches the
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0.05

Fig. 4. Volume fraction profiles, plotted as x/w versus ¢, for
various average volume fractions: {¢p> = 1%, 2%, 3%, 4%,
5%, 6%, 7%, 8%, 9%, 10% from lower curve to upper curve.
(@) 40 =0.1. (b) 1, =0.01

concentration of the sedimentation cake, an
asymptotic form of Z(¢) diverging at the volume
fraction of the sediment such as the one used by
Davis and Russell [3] would be more appropri-
ate.

It is interesting to observe the variations of the
relative volume fraction profiles, ¢/¢,, as a func-
tion of the average volume fraction as they more
directly reflect the influence of the hard sphere
interactions between particles. Indeed, if there
were no such interactions, i.e., if the osmotic com-
pressibility was constant, then the profile would
be exponential. Figure 5 shows the deviation of
the relative volume fraction profile from the ex-
ponential shape for the same values of {¢)> and
Ao as in Fig. 4. The exponential curve obtained for

/0,

Fig. 5. Relative volume profiles, plotted as x/w versus ¢/¢,,
for various average volume fractions: {¢) = 0%, 1%, 2%,
3%, 4%, 5%, 6%, 7%, 8%, 9%, 10% form lower curve to
upper curve. (a) 4, = 0.1. (b) 15 = 0.01

a vanishingly small average volume fraction is
also plotted in Figs. SA and B. The profiles are
seen to be considerably distorted when (¢} is
large and A, small.

For highly concentrated suspensions, it is clear
that there is an upper limit for the volume frac-
tion, since ¢ cannot exceed the volume fraction of
a dense packing (from about 58% for the random
packing found in sedimentation cake to 74% for
the compact hexagonal lattice). If the average
particle concentration in the vessel is quite large
and F is also large (low 4y), one can even have
the formation of a cake with a nearly constant
volume fraction close to the packing value. This is
the situation investigated by Russel and Davis
[3]. In that case, the curvature of the relative
volume fraction profile is negative near the
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accumulation wall. However, sufficiently far away
from this wall, the suspension becomes diluted
enough and the volume fraction decreases again
nearly exponentially with increasing distances
from the accumulation wall. Then the curvature
of the volume fraction profile is positive. There-
fore, a position will be found in the intermediate
region, where the curvature is zero. At this inflex-
ion point, one has d*(x/w)/d¢? = 0. The volume
fraction, ¢, corresponding to the inflexion
point is, from Egs. (14) and (21), found to be the
solution of :

1 — 5¢iae1 — 20 ine®> — 4Pinrs® + SPiner®
— Que*=0. [22]

It is interesting to note that this critical volume
fraction 1s independent of 1, and hence on the
intensity of the field force. The numerical solution
of this equation gives :

Pinet = 0.13044 . [23]
This value is very close so that observed by Vrij
[13]. Accordingly, an inflexion in the volume
fraction profile of the suspension will be found
in the vessel if both ¢0 >¢inf1 and ¢1 < ¢inf1.
In practice, since, as noted above, there is a
biunivocal relationship between ¢ and {¢)/A,,
the second of these conditions will always be
fulfilled while the first, in effect, states that
an inflexion in the concentration profile will be
found ift

(py >0.2272 4 . [29]

The influence of 1y on the volume fraction
profile is seen in Fig. 6 for two average volume
fractions (1% and 10% for Figs. 6A and B, respec-
tively). Since, for a given figure, the areas below all
curves are constant (as {¢) is fixed) and the vol-
ume fraction at the accumulation wall increases
with increasing /o, the curves for different A, cross
each other. Accordingly, a low volume fraction is
found at a higher distance from the accumulation
wall when 1, is larger, while the opposite is true
for intermediate or high volume fractions. It is
clear in this Figure that, for a given <¢), the
stronger the field interaction parameter, the more
the concentration profile deviates from the ex-
ponential shape.
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0.6
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Fig. 6. Volume fraction profiles, plotted as x/w versus ¢, for
various field interaction parameters: i, = 0.01, 0.02, 0.03,
0.04, 0.05,0.06, 0.07, 0.08, 0.09, 0.1 from lower to upper curves
on the left part of the graph (i.e. from upper to lower curves
on the right part of the graph). (a) (¢> = 1%.(b) {$)> = 10%

Conclusion

In the above approach, the Carnahan-Starling
expression of the compressibility factor of hard
sphere liquids has been used to derive and com-
pute the volume fraction profiles of suspensions in
equilibrium conditions. Although the hard sphere
hypothesis is unrealistic for most suspensions in
which van der Waals and electrostatic interac-
tions cannot be neglected, the Carnahan-Starling
expression can still be used. The clue is to replace
the volume fraction ¢ by some effective volume
fraction, ¢, computed from an effective diameter
taking into account the variation of the interac-
tion potential with the interparticle distance [1, 6,
12]. Such a procedure is correct if repulsive forces
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are dominant. In cases of attractive forces, the
only possibility is to write Z(¢p, T) = Zcs(d)
— x(T) ¢ where Z5(¢) is the Carnahan-Starling
compressibility factor given by Eq. (20) and y is
a positive parameter simulating the attraction.
Such a procedure was adopted for ferrocolloids
[14]. It leads to phase separation when y exceeds
some critical value.

In the above model, the gravitational field has
been assumed to be independent of the distance
from the accumulation wall. This situation is en-
countered in natural gravity sedimentation as well
as in sedimentation FFF channels for which the
channel thickness is much smaller than the mean
distance from the rotation axis. However, as
shown by Vrij [13], the above results for the
volume fraction profiles can be applied to centri-
fugation experiments provided that the relative
distance from the wall, x/w, in Eq. (14) is replaced
by (r3 — r?) /(rd — r?) , where r is the distance to
the rotation axis, and r, and r; are the distances of
the outer wall and inner wall (or meniscus) to the
rotation axis, respectively. In Eq. (12) expressing
the field interaction parameter, w then represents
(ro — r;) and the acceleration G has to be taken at
the channel center as w?(ro + r;)/2, where o is the
angular velocity of the channel.

The profiles described in Figs. 3-5 depend on
the field interaction parameter and on the average
volume fraction. The particle diameter does not
influence these profiles on its own, but only
through its influence on Ay and {¢)». This model
has obviously some limit, especially near the accu-
mulation wall where particles are sterically ex-
cluded. Biben et al. have recently shown that these
steric interactions induce oscillatory variations of
the density profile near the wall, which are pro-
gressively damped with increasing distances from
the wall [15]. Furthermore, in this damped do-
main, they found a fairly good agreement between
the profiles obtained from Monte—Carlo simula-
tions and those calculated by means of the Car-
nahan—Starling compressibility expression.

It is clearly seen in Fig. 5 that, given A,, the
mean distance of the particles to the accumulation
wall is, for any finite {¢), larger than that pre-
dicted for the exponential profile and that it in-
creases with increasing {¢ ). Accordingly, in FFF
experiments where the sedimented suspension is

transported in quasi-equilibrium conditions, by
a laminar flow parallel to the walls, one expects
that concentrated suspensions will move faster
than diluted suspensions, since the velocity of the
flow streamlines increases with increasing distan-
ces from the wall. However, this effect can be
counteracted by the increased viscosity of concen-
trated suspensions which reduces the flow velocity
near the accumulation wall. The interplay
between these two effects on the resulting axial
velocity of suspensions will be studied in a forth-
coming publication.
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